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Chapter 1
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This chapter discusses the mathematics that is necessary for the development of the theory of linear
programming. We are particularly interested in the solutions of a system of linear equations.

In this notes, matrices are denoted by capital letters A, B, C,---. Vectors are denoted by bold
face smaller letters a,b,c, - ,x,y,z. Vectors are column vectors. The transpose of a matrix A is
AT. 0 is the zero vector and 1 is a column vector of all 1’s.

1.1 Linear Equations and Linear Programming

In linear programming (LP), we usually want to optimize the objective variable z which is a linear
function of the decision variables z; (i = 1,2,--- ,n) under some linear constraints on z;. Symboli-
cally, we have Sk A
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optimize z=cC1T1 + oo+ F CrTy)
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In matrix form, we have X
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This is called the |canonical form}of an LP problem. Since inequality constraints are difficult to

handle, in actual computation, we usually consider LP problems of the form

max z= CTX

Ax=Db
x2>0.

] . i :
This is called the/&?—nﬂ_@ﬂyof the LP problem. Notice that the constraints in the canonical
form are transformed to a system of linear equations. The equation z = ¢Tx is called the objective
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function and the set of all x € R™ that satisfy this equation is a hyperplane in R™. The rest of this
chapter is devoted to the study of the solutions of systems of linear equations and the properties of

hyperplanes.
1.2 Systems of Linear Equations and Their Solutions
Consider a system of m simultaneous linear equations in n unknown variables z1,- -+ ,Zp:
R C a1 + ai2z2 + -+ Q% = by,
Mmx " e
: : .
N\ x W3 am1T1 + am2‘f\52c 1‘ o+ GmnTn = by "f) e ‘D\ "
In matrix form, we have e MY :
Ax =b. AQW\ xe F\\ (1.1)
To solve this system of equations is to find the values of z1,xs, - ,z, that satisfy the equation.
The corresponding vector x = [z1, T2, ,Z,]T will be called a solution to (1.1).

rark @)

To find the solutions of (1. 1) we construct the@b of A that is defined by
T L

ail lla o+ \ain\ b1
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where a; is the 7-th column of A. For the solution of (1.1), there are two cases to consider.

(a)

rank(A) < rank(A4,).

[ 2.3

oot Then b and the columns of A are linearly independent. Hence there are no x; such that 1 24

3 - = o

ooy = WE . 3 A%
MY, G /f' - (C\ O f X;mzaz—b (; 5 ”)’(L&) Vel A) 2]
/’F\ i= ]

rekrAL)= )
In particular, the system Ax = b has no solutions. In that case, we call the system inconsistent.
Notice that here we have rank(b) = 1 and rank (4;) = rank (4) + 1.

rank(A) = rank(Ap) = k. [) NN
Then every column of Ay, in particular the vector b, can be expressed as a linear combination I & ’J
of k linearly independent columns of A, i.e. there exist z;,,Zi,, - - ;, not all zero such that A L

I k ' ( ) G ra-lech)
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Thus at least one solution exists in this case. We remark that if m = n = rank(A), then the
solution is also unique and x = A~'b. However, in LP, we usually have rank(A) = m < n and
Ax = b usually has more than one solution.

1.3 Properties of Solutions of Systems of Linear Equations

Let us suppose that Ax = b has more than one solution, say x; and x with x; # x2. Then for any
A € [0,1],

ADxy + (1 — ANxg] = Ax + (1 — A\)Ax, = b+ (1 - A)b=b.
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